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We study the pion leading-twist distribution amplitude (DA) within the framework of SVZ sum
rules under the background field theory. To improve the accuracy of the sum rules, we expand both
the quark propagator and the vertex (z ·
↔
D)n of the correlator up to dimension-six operators in
the background field theory. The sum rules for the pion DA moments are obtained, in which all
condensates up to dimension-six have been taken into consideration. Using the sum rules, we obtain〈
ξ2
〉
|1 GeV = 0.338± 0.032,
〈
ξ4
〉
|1 GeV = 0.211± 0.030 and
〈
ξ6
〉
|1 GeV = 0.163± 0.030. It is shown
that the dimension-six condensates shall provide sizable contributions to the pion DA moments. We
show that the first Gegenbauer moment of the pion leading-twist DA is api2 |1 GeV = 0.403 ± 0.093,
which is consistent with those obtained in the literature within errors but prefers a larger central
value as indicated by lattice QCD predictions.
PACS numbers: 11.55.Hx, 12.38.-t, 12.38.Bx, 14.40.Be
I. INTRODUCTION
The pion distribution amplitude (DA) is an impor-
tant element for applying the QCD factorization theory
and QCD light-cone sum rules (LCSR) to exclusive pro-
cesses involving pion. For examples, it is important for
understanding the semi-leptonic decays B → πlν and
D → πlν, the pion-photon transition form factor (TFF)
Fpiγ(Q
2), the exclusive process B → ππ, and etc.. In-
versely, one can make use of all those processes to ob-
tain stringent constraints on the pion DA [1, 2]. Be-
cause of its simplest structure, the pion leading-twist DA
has attracted much attention after the pioneering works
done by Refs.[3–5]. Unfortunately, at present, there is
no definite conclusion on the behavior of pion leading-
twist DA. For example, the BABAR measurement for the
pion-photon TFF [6] supports the Chernyak-Zhitnitsky
(CZ)-like [5] behavior; while the corresponding data by
the Belle Collaboration [7] supports the asymptotic-like
behavior [3].
The pion leading-twist DA at the scale µ can be ex-
panded into a Gegenbauer polynomial as [8],
φpi(µ, x) = 6x(1− x)
[
1 +
∞∑
n=2
apin(µ)C
3/2
n (2x− 1)
]
, (1)
where the C
3/2
n (2x − 1) are Gegenbauer polynomials
and the apin(µ) are Gegenbauer moments. Theoretically,
the Gegenbauer moments have been calculated by QCD
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sum rules [9–13] and the lattice gauge theory [14–17].
Phenomenologically, the Gegenbauer moments have also
been estimated from the pion-photon transition form fac-
tor [18–21], the pion electromagnetic form factor [22, 23],
the B → π TFFs [24, 25], and etc. Most of those estima-
tions are consistent with each other within errors. It is
noted that the central values of them are different from
each other, especially, the lattice QCD estimations are
bigger than those of QCD sum rules. Due to the forth-
coming more accurate data, it is helpful to provide a
more accurate theoretical prediction on the pion DA for
a better comparison with the data.
Since its invention [26], the Shifman-Vainshtein-
Zakharov (SVZ) sum rules has been widely adopted for
dealing with the hadron phenomenology. In addition, the
background field theory provides a systematic descrip-
tion for its key components, i.e. the vacuum conden-
sates, from the viewpoint of QCD field theory [27–32].
It assumes that the quark and gluon fields are composed
of the background fields and the quantum fluctuations
around them. Thus, to take the background field theory
as the foundation for the QCD sum rules, it not only
has distinct physical picture, but also greatly simplifies
the calculation due to its capability of adopting different
gauges for quantum fluctuations and background fields.
The QCD sum rules within the background field theory
has already been adopted to study the meson properties,
cf.Refs.[33–38].
Previous sum rule estimations for the pion DA mo-
ments are usually done up to dimension-four condensates,
or including part of the dimension-six condensates’ con-
tributions. In the present paper, we shall adopt the SVZ
sum rules under the background field theory to make
a detailed study on the pion leading-twist DA up to
dimension-six operators. For the purpose, as the first
time, we shall expand both the quark propagator and
2the vertex operator (z · ↔D)n up to a more complex form
with full dimension-six operators’ contributions so as to
achieve an accurate QCD sum rule estimation. We shall
show that those dimension-six operators shall result in
new dimension-six condensates that do provide sizable
contributions and should be taken into consideration for
a sound estimation, i.e. they shall bring sizable changes
in our previous predictions on the pion DA behavior.
The remaining parts of the paper are organized as fol-
lows. In section II, we first present a brief introduction of
the QCD sum rules and then provide the quark propaga-
tor and the vertex (z ·↔D)n up to dimension-six operators
under the background field theory. In section III, we
present the calculation technology for deriving the sum
rules for pion leading-twist DA moments. Numerical re-
sults are given in section IV. Section V is reserved for a
summary. For convenience, formulas for the propagators
and the vacuum matrix elements in D-dimension space
are presented in the appendix.
II. QUARK PROPAGATOR, VERTEX
OPERATOR UNDER THE BACKGROUND
FIELD THEORY
Within the SVZ sum rules, the hadrons are represented
by their interpolating quark currents taken at large vir-
tualities. The correlator of those currents can be treated
within the operator product expansion, whose short-
distance coefficients are calculated using QCD pertur-
bation theory, whereas its long-distance parts are writ-
ten according to the non-perturbative but universal vac-
uum condensates, such as the quark condensate 〈q¯q〉, the
gluon condensate
〈
G2
〉
, and etc. Furthermore, under the
background field theory, the quark and gluon fields are
composed of background fields and quantum fluctuations
around them. Because of the influence from background
fields, the quark and gluon propagators shall include non-
perturbative component inevitably, which however can
be treated via a systematic way.
Within the background field theory, the gluon field
AAµ (x) and quark field ψ(x) in the QCD Lagrangian or
Green function should be replaced by
AAµ (x) → AAµ (x) + φAµ (x), (2)
ψ(x) → ψ(x) + η(x), (3)
where in the right hand side of the arrow, AAµ (x) with
(A = 1, · · · , 8) and ψ(x) indicate the background fields
of the gluon and quark, respectively. φAµ (x) and η(x)
stand for the gluon and quark’s quantum field, i.e., the
quantum fluctuation on the background fields. The La-
grangian with the background field theory can be found
in Ref.[31]. Usually, the background quark and gluon
fields satisfy the following equations of motion
(i/D−m)ψ(x) = 0,
D˜ABµ G
Bνµ(x) = gsψ¯(x)γ
νTAψ(x), (4)
where Dµ = ∂µ − igsTAAAµ (x) and D˜ABµ = δAB −
gsf
ABCACµ (x) indicate the fundamental and adjoint rep-
resentations of the gauge covariant derivatives respec-
tively. As an advantage of the background field theory,
one can take different gauges for dealing with the quan-
tum fluctuations and background fields. More specifi-
cally, one can adopt the “background gauge” [27–30]
D˜ABµ φ
Bµ(x) = 0, (5)
for the gluon quantum field, the Schwinger gauge or the
“fixed-point gauge” [39]
xµAAµ (x) = 0, (6)
for the background field.
A. Quark propagator under background field
theory
Within the framework of the background field theory,
the quark propagator would be affected by the back-
ground quark and/or gluon fields, which satisfies the
equation
(i/D −m)SF (x, 0) = δ4(x). (7)
If taking
SF (x, 0) = (i/D +m)D(x, 0), (8)
Eq.(7) can be changed as
(− Pµ∂µ −Q+m2)D(x, 0) = δ4(x), (9)
where  = ∂2, and
Pµ = 2iAµ(x),
Q = γνγµAν(x)Aµ(x) + iγνγµ∂νAµ(x).
Moreover, using the “fixed-point gauge” as shown in
Eq.(6), the gluon background field can be expressed by
the gauge invariant Gµν;α1···αn as
Aµ(x) = 1
2
xνGνµ +
1
3
xνxαGνµ;α +
1
8
xνxαxβGνµ;αβ +
1
30
xνxαxβxγGνµ;αβγ +
1
144
xνxαxβxγxδGνµ;αβγδ + · · · ,(10)
3FIG. 1: Feynman diagrams for the quark propagator within the background field theory which shall results in operators up to
dimension-six. The cross (×) attached to the gluon line indicates the tensor of the local gluon background field, in which “n”
stands for n-th order covariant derivative.
where Gµν;α1···αn is a notation for (Dα1 · · ·DαnGµν)(0),
where the indexes α1 · · ·αn indicate the covariant deriva-
tive up to n-th order. Gµν = G
a
µνT
a with Gaµν =
∂µA
a
ν − ∂νAaµ + gfabcAbµAcν stands for the gluon field
strength tensor and fabc(a, b, c = 1, 2, · · · , 8) is the struc-
ture constant of SU(3) group.
Substituting Eq.(10) into Eq.(9), we obtain the expres-
sions for D(x, 0). By further using Eq.(8), we can obtain
the required quark propagator in the background field,
which can be expressed as
SF (x, 0) = S
0
F (x, 0) + S
2
F (x, 0) + S
3
F (x, 0) +
2∑
i=1
S
4(i)
F (x, 0) +
3∑
i=1
S
5(i)
F (x, 0) +
5∑
i=1
S
6(i)
F (x, 0). (11)
The quark propagators with various gauge invariant ten-
sors Gµν;α1···αn that shall result in up to dimension-six
operators are presented in Appendix A. The Feynman
diagrams for the quark propagators (A2,· · ·,A14) that
with various gauge invariant tensors are shown in Fig.(1),
where thirteen figures, i.e. Fig.(1a), · · ·, Fig.(1m), cor-
respond to S0F (x, 0), · · ·, S6(5)F (x, 0), respectively. The
cross (×) attached to the gluon line indicates the tensor
of the local gluon background field with “n” stands for
n-th order covariant derivative.
Because the “fixed-point gauge”, as indicated by
Eq.(6), violates the translation invariance, the quark
propagator from x to 0, SF (0, x), can not be directly ob-
tained by applying the replacement x → −x in Eq.(11).
It can be related with SF (x, 0) via the relation [40]
SF (0, x|A) = CSTF (x, 0| − AT )C−1, (12)
where C stands for the charge conjugation matrix and
the symbol T indicates transpose of both the Dirac and
the color matrices.
B. Vertex operator under background field theory
When applying the SVZ sum rules to calculate the mo-
ments of meson, one would encounter the vertex opera-
tor, Γ(z ·↔D)n, where Γ indicates some kind of Dirac ma-
trices, e.g., Γ = 6zγ5 for the pion leading-twist DA, Γ = γ5
or σµνγ5 for the pion twist-3 DAs, and etc.. We have
(z · ↔D)n = (z · −→D − z · ←−D)n = (z · ∂↔+ z ·B)n + · · · ,(13)
where the · · · stands for the higher-order terms which are
irrelevant for our present analysis and
z · B = −2iz · A
= −ixµzνGµν − 2i
3
xµxρzνGµν;ρ
− i
4
xµxρxσzνGµν;ρσ − i
15
xµxρxσxλzνGµν;ρσλ
− i
72
xµxρxσxλxτzνGµν;ρσλτ + · · · . (14)
We can expand the operator (z · ↔D)n into series with
4FIG. 2: Feynman diagrams for the vertex operator Γ(z ·
↔
D)n under the background field theory up to dimension-six. The cross
(×) attached to the gluon line indicates the tensor of the local gluon background field, in which “n” stands for n-th order
covariant derivative.
operators (z · ∂↔)n and Gµν;ρ···. For the purpose, we first
expand (z · ↔D)n as
(z · ↔D)0 = 1,
(z · ↔D)1 = z · ∂↔+ z · B,
(z · ↔D)2 = (z · ∂↔)2 + 2(z · ∂↔)(z · B) + (z ·B)2,
(z · ↔D)3 = (z · ∂↔)3 + 3(z · ∂↔)2(z · B) + [(z · ∂)2(z · B)]
+3(z · ∂↔)(z ·B)2 + (z · B)3,
· · · · · · ,
where the “underline” below B (or the latter x) indicates
that the operation ∂
↔
does not act on it. In deriving those
equations, the following equation has been adopted,
(z · ∂↔)n(z ·B) =
n∑
k=0
n!
k!(n− k!) (z · ∂
↔
)n−k
[
(z · ∂)k(z ·B)] .
By keeping only those terms that shall leads to operators
up to dimension-six, we obtain
(z · ↔D)n0 = (z · ∂
↔
)n,
(z · ↔D)n2 = −i× n(z · ∂
↔
)n−1xµzνGµν ,
(z · ↔D)n3 = −
2i
3
× n(z · ∂↔)n−1xµxρzνGµν;ρ,
(z · ↔D)n4(1) = −
n(n− 1)
2
(z · ∂↔)n−2xµxρzνzσGµνGρσ,
(z · ↔D)n4(2) =
[
− i
4
× n(z · ∂↔)n−1xµxρxσzν
− i
12
n(n− 1)(n− 2)(z · ∂↔)n−3
×xµzρzσzν ]Gµν;ρσ ,
(z · ↔D)n5(1) = −
n(n− 1)
3
(z · ∂↔)n−2
×xµxρxλzνzσGµνGρσ;λ,
(z · ↔D)n5(2) = −
n(n− 1)
3
(z · ∂↔)n−2
×xµxρxλzνzσGµν;λGρσ ,
(z · ↔D)n5(3) =
[
− i
15
× n(z · ∂↔)n−1xµxρxσxλzν
− i
45
n(n− 1)(n− 2)(z · ∂↔)n−3
×xµ (xρzσzλ + zρxσzλ + zρzσxλ) zν]
×Gµν;ρσλ,
(z · ↔D)n6(1) =
i
6
n(n− 1)(n− 2)(z · ∂↔)n−3
×xµxρxλzνzσzτGµνGρσGλτ ,
(z · ↔D)n6(2) =
[
−n(n− 1)
8
(z · ∂↔)n−2xµxρxλxτzνzσ
−n(n− 1)(n− 2)(n− 3)
12
(z · ∂↔)n−4
×xµxρzλzτzνzσ]GµνGρσ;λτ ,
(z · ↔D)n6(3) = −
2
9
n(n− 1)(z · ∂↔)n−2
×xµxρxλxτzνzσGµν;λGρσ;τ ,
(z · ↔D)n6(4) = −
n(n− 1)
8
(z · ∂↔)n−2
×xµxρxλxτzνzσGµν;λτGρσ ,
(z · ↔D)n6(5) =
[
− i
72
× n(z · ∂↔)n−1xµxρxσxλxτzν
− i
216
n(n− 1)(n− 2)(z · ∂↔)n−3
5×xµ (zρzσxλxτ + zρxσzλxτ + zρxσxλzτ
+xρzσzλxτ + xρzσxλzτ + xρxσzλzτ
)
zν
− i
360
n(n− 1)(n− 2)(n− 3)(n− 4)
×(z · ∂↔)n−5xµzρzσzλzτzν
]
Gµν;ρσλτ ,
where the subscript k(m) with k = (1, · · · , 6) stands for
the dimension of the operator, in which (m) stands for
the m-th type of the operator with same dimension. For
example, there is two type of dimension four operators,
three type of dimension five operators and five type of
dimension-six operators. Fig.(2) represents the Feynman
diagrams for the vertex operator Γ(z·↔D)n under the back-
ground field theory, where thirteen figures, i.e. Fig.(2a),
· · ·, Fig.(2m), correspond to Γ(z · ↔D)n1 , · · ·, Γ(z ·
↔
D)n6(5),
respectively. The cross (×) attached to the gluon line
indicates the tensor of the local gluon background field
with “n” stands for the n-th order covariant derivative.
III. PION LEADING-TWIST DA WITHIN THE
QCD SUM RULES
FIG. 3: Schematic Feynman diagrams for the pion leading-
twist DA moments, where the cross (×) stands for the back-
ground quark field. The left big dot and the right big dot
stand for the vertex operators z/γ5(z ·
↔
D)n and z/γ5 in the
correlator, respectively. The full Feynman diagrams can be
found in Figs.(4,5).
Considering the definition〈
0
∣∣∣d¯(0)z/γ5(iz · ↔D)nu(0)∣∣∣π(q)〉 = i(z · q)n+1fpi 〈ξn〉 ,(15)
where fpi is the pion decay constant and the n-th order
moments of the pion DA are defined as
〈ξn〉 =
∫ 1
0
du(2u− 1)nφpi(u). (16)
Especially, the 0-th moment satisfies the normalization
condition 〈
ξ0
〉
=
∫ 1
0
duφpi(u) = 1. (17)
To derive the sum rules for the pion leading-twist DA
moments 〈ξn〉, we introduce the following correlation
function (correlator),
Π(n,0)pi (z, q) = i
∫
d4xeiq·x
〈
0
∣∣∣T {Jn(x)J†0 (0)}∣∣∣ 0〉
= (z · q)n+2I(n,0)pi (q2), (18)
where n = (0, 2, 4, · · ·), z2 = 0 and the currents
Jn(x) = d¯(x)z/γ5(iz ·
↔
D)nu(x), (19)
J†0(0) = u¯(0)z/γ5d(0). (20)
In physical region, the correlator (18) can be treated by
inserting a complete set of intermediate hadronic states,
which can be simplified with the help of Eq.(15) as
ImI
(n,0)
pi,had(q
2) = πδ(q2 −m2pi)f2pi 〈ξn〉
+π
3
4π2(n+ 1)(n+ 3)
θ(q2 − spi),(21)
where the quark-hadron duality has been adopt and spi
stands for the continuum threshold.
On the other hand, we apply the OPE for the correlator
(18) in deep Euclidean region. Substituting the replace-
ment rules (2,3) into the correlator (18) and applying the
corresponding Feynman rules, we obtain
Π(n,0)pi (z, q) = i
∫
d4xeiq·x
×
{
−Tr
〈
0
∣∣∣SdF (0, x) 6zγ5(iz · ↔D)nSuF (x, 0) 6zγ5∣∣∣ 0〉
+Tr
〈
0
∣∣∣d¯(x)d(0) 6zγ5(iz · ↔D)nSuF (x, 0) 6zγ5∣∣∣ 0〉
+Tr
〈
0
∣∣∣SdF (0, x) 6zγ5(iz · ↔D)nu¯(0)u(x) 6zγ5∣∣∣ 0〉}
+ · · · . (22)
The Feynman diagrams for the correlator (22) are
showed in Fig.(3), whose details are further presented
in Figs.(4,5). The solid and helical lines are for the
quark and gluon propagators, respectively. The cross
(×) symbol stands for the background quark field. The
left big dot and the right big dot are the vertex operators
z/γ5(z ·
↔
D)n and z/γ5, respectively. Fig.(3a) corresponds to
the first term in Eq.(22), Fig.(3b) and its permutation-
diagrams correspond to the second and third terms of
Eq.(22), respectively.
As for Fig.(4), we observe
• Figs.(4l,4p,4q,4s) contribute zero because their
quark loop has Tr[· · ·] = 0. The contribution from
Fig.(4g) is negligible due to strong suppression from
small u/d-quark current masses.
• Fig.(4a) provides the perturbative contribution,
Figs.(4b,4r) provide the contribution propor-
tional to the dimension-four condensate
〈
G2
〉
,
Figs.(4c,4h,4m,4u) provide the contribution
proportional to the dimension-six condensate
6FIG. 4: The sub-diagrams of Fig.(3a), where those diagrams that can be obtained by permutation from the asymmetrical
diagrams have been omitted.
FIG. 5: The sub-diagrams of Fig.(3b).
〈
g3sfG
3
〉
and Figs.(4e,4j,4o,4t) provide the con-
tribution proportional to the dimension-six
condensate g2s
∑
u,d,s
〈
gsψ¯ψ
〉2
. Here
〈
G2
〉
and〈
g3sfG
3
〉
are abbreviations for
〈
GAµνG
Aµν
〉
and〈
g3sf
ABCGAµνGBνρG
Cρ
µ
〉
.
• The remaining diagrams involves the contributions
proportional to the dimension-six condensate ei-
ther
〈
g3sfG
3
〉
or g2s
∑
u,d,s
〈
gsψ¯ψ
〉2
, where
∑
u,d,s =∑
ψ=u,d,s.
As for Fig.(5), we observe that
• Fig.(5a) provides the contribution proportional to
the dimension three condensate 〈q¯q〉 and the dimen-
sion five condensate 〈gsq¯σTGq〉. Fig.(5b) provides
the contribution proportional to either the dimen-
sion five condensate 〈gsq¯σTGq〉 or the dimension-
six condensate 〈gsq¯q〉2.
• The remaining three diagrams (5c,5d,5e) provide
the contribution proportional to the dimension-six
condensate 〈gsq¯q〉2, where q = u, d.
We adopt the MS-scheme to deal with the infrared di-
vergences emerged in Fig.(4), whose divergent terms shall
be absorbed into the poin DA following the way sug-
gested by Ref.[41]. During the calculation,we shall meet
with the following matrix elements:〈
0
∣∣q¯aα(x)qbβ(y)∣∣ 0〉 , 〈0 ∣∣q¯aα(x)qbβ(y)GAµν ∣∣ 0〉 ,〈
0
∣∣q¯aα(x)qbβ(y)GAµν;ρ∣∣ 0〉 , 〈0 ∣∣GAµνGBρσ∣∣ 0〉 ,〈
0
∣∣GAµνGBρσGCλτ ∣∣ 0〉 , 〈0 ∣∣GAµν;λGBρσ;τ ∣∣ 0〉 ,〈
0
∣∣GAµνGBρσ;λτ ∣∣ 0〉 , 〈0 ∣∣GAµν;λτGBρσ∣∣ 0〉 . (23)
The formulas relating the first three vacuum matrix ele-
ments with the conventional condensates can be found in
Ref.[37], and the corresponding formulas for the remain-
7ing vacuum matrix elements under the D-dimensional
space, D = 4− 2ǫ, are presented in Appendix B.
As a combination the correlator within different re-
gions, the sum rules for the pion DA moments can be
derived by the dispersion relation
1
π
1
M2
∫
dse−s/M
2
ImIhad(s) = LˆMIqcd(q
2), (24)
where M is the Borel parameter and the Borel transfor-
mation operator
LˆM = lim−q2, n→∞
−q2/n = M2
1
(n− 1)! (−q
2)n
(
− d
d(−q2)
)n
.(25)
Our final result reads
〈ξn〉 = M
2em
2
pi
/M2
f2pi
{
3
4π2(n+ 1)(n+ 3)
(
1− e−spi/M2
)
+
md
〈
d¯d
〉
+mu 〈u¯u〉
M4
+
1
12π
〈
αsG
2
〉
M4
−8n+ 1
18
md
〈
gsd¯σTGd
〉
+mu 〈gsu¯σTGu〉
M6
+
A
(4π)2
〈
g3sfG
3
〉
M6
+
B
(4π)2
g2s
∑
u,d,s
〈
gsψ¯ψ
〉2
M6
+
2(2n+ 1)
81
〈
gsd¯d
〉2
+ 〈gsu¯u〉2
M6
}
, (26)
where
A =
6n+ 7
72
− n
24
ln
(
M2
µ2
)
+ θ(n− 2)
[
7n− 3
72
− n
8
ln
(
M2
µ2
)
+
n−2∑
n=0
(−1)k−2k
2 + 2nk − 2k + 3n
24(n− k)(n− k − 1)
]
,
B =
8(165n2 + 323n+ 131)
729(n+ 1)
+
8(51n+ 44)
243
ln
(
M2
µ2
)
+ θ(n− 2)
{
−4(16n
3 − 89n2 − 39n− 30)
729n(n+ 1)
+
392n
243
ln
(
M2
µ2
)
+
n−2∑
k=0
(−1)k
[
64n(k + 1)
243(n+ 1)(n− k) −
8(10k2 − 10nk + 58k − 7n+ 48)
243(n− k)(n− k − 1) +
8(8k − 5n− 2)
243(k + 1)(n− k + 1)
]}
.
As a final remark, we can obtain the Gegenbauer mo-
ments of the pion leading-twist DA with the help of 〈ξn〉.
That is, by substituting Eq.(1) into Eq.(16), we have
api2 =
7
12
(
5
〈
ξ2
〉− 1) , (27)
api4 = −
11
24
(
14
〈
ξ2
〉− 21 〈ξ4〉− 1) , (28)
api6 =
5
64
(
135
〈
ξ2
〉− 495 〈ξ4〉+ 429 〈ξ6〉− 5) ,(29)
· · · · · ·
IV. NUMERICAL ANALYSIS
To do the numerical calculation, we adopt [42]: mpi =
139.57018±0.00035MeV and fpi = 130.41±0.20MeV. As
for the condensates,
• We adopt
mu 〈u¯u〉+md
〈
d¯d
〉
≃ −f
2
pim
2
pi
2
= (1.656± 0.005)× 10−4GeV4. (30)
which is derived from the current algebra [43] and
the partially conserved axial current [44].
• We adopt [45],
mu 〈gsu¯σTGu〉+md
〈
gsd¯σTGd
〉
= (1.325± 0.033)× 10−4GeV4, (31)
which is derived by using 〈gsq¯σTGq〉 = m20 〈q¯q〉
with m20 = 0.80± 0.02GeV2 [46].
• As suggested in Ref.[47], we adopt [48, 49]〈
αsG
2
〉
ρ αs 〈u¯u〉2
= (106± 12)GeV−2, (32)
where ρ ≃ 2 − 3 [49–52]. More definitely, we
take [53]〈
αsG
2
〉
= 0.038± 0.011GeV4, (33)
and 〈q¯q〉 = (−0.24 ± 0.01)3GeV3. And we take
〈gsq¯q〉2 = (1.8± 0.7)× 10−3GeV6.
8• Combining (B3) with (32), together with the ratio
〈s¯s〉 / 〈q¯q〉 = 0.74± 0.03 [45], we obtain〈
g3sfG
3
〉
= 0.013± 0.007GeV6. (34)
and
g2s
∑
u,d,s
〈
gsψ¯ψ
〉
= 0.044± 0.024GeV6. (35)
The leading-order αs is fixed by αs(MZ) = 0.1184 ±
0.0007 [54] and the renormalization scale is taken as
µ = M . Usually, the continuum threshold spi is taken
as the square of the first exciting state of pion, i.e.,
π(1300), which however may underestimate some con-
tinuum states’ contributions. At the present, we deter-
mine the value of spi from the sum rules of the 0-th mo-
ment
〈
ξ0
〉
together with its normalization condition (17),
which leads to spi ≃ 1.1GeV2.
TABLE I: The moments 〈ξn〉 of the pion leading-twist DA at
the scale µ = M and various condensates’ contributions over
the total dispersion integration. 〈q¯Gq〉 and
∑〈
g2s ψ¯ψ
〉2
are
abbreviations for 〈gsq¯σTGq〉 and g
2
s
∑
u,d,s
〈
gsψ¯ψ
〉2
.
n 2 4 6
M2(GeV2) [1.231, 1.490] [1.697, 1.824] [2.066, 2.187]
〈ξn〉 0.331 ± 0.009 0.198 ± 0.005 0.146 ± 0.004
mq 〈q¯q〉 −(1.2− 1.6)% −(1.7− 1.8)% −(1.9− 2.0)%〈
αsG
2
〉
(7.5− 9.9)% (10− 11)% (12− 12)%
mq 〈q¯Gq〉 (0.6− 1.0)% (1.4− 1.6)% (1.9− 2.2)%〈
g3sfG
3
〉
(0.2− 0.4)% (0.5− 0.6)% ∼ 0.7%
∑〈
g2s ψ¯ψ
〉2
(6.9− 11)% (12− 14)% (15− 17)%
〈gsq¯q〉
2 (2.2− 3.6)% (4.4− 5.2)% (6.1− 6.8)%
We adopt the usual criteria to fix the Borel window for
the moments 〈ξn〉, i.e. the continuum state’s contribu-
tion is less than 40% of the total dispersion integration
and the dimension-six condensate’s contribution does not
exceed 15%, 20% and 25% for the second, forth and sixth
moments, respectively. We present the moments 〈ξn〉 to-
gether with their Borel windows in Table I. From Table
I, we observe that the dimension-six condensates, such
as g2s
∑
u,d,s
〈
gsψ¯ψ
〉2
, do provide sizable contributions to
〈ξn〉, i.e. they are comparable to the lower dimensional
condensates’ contributions.
Fig.(6) shows that the first three moments of the pion
leading-twist DA versus the Borel parameter M2, where
the solid, the dashed and the doted lines are for second,
forth and sixth moments, respectively. By taking all un-
certainty sources into consideration, and adding the un-
certainties in quadrature, we obtain〈
ξ2
〉 |µ=1GeV = 0.338± 0.032, (36)〈
ξ4
〉 |µ=1GeV = 0.211± 0.030, (37)〈
ξ6
〉 |µ=1GeV = 0.163± 0.030, (38)
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FIG. 6: The first three moments for the pion leading-twist
DA versus the Borel parameter M2.
whose errors are dominated by the uncertainties of the
condensates
〈
αsG
2
〉
, 〈gsq¯q〉2 and g2s
∑
u,d,s
〈
gsψ¯ψ
〉
. The
present results for µ = 1 GeV are obtained by first get
the DA behavior with the help of the moments at µ = M
and apply the pion DA running equation [3] to run the
DA from µ =M to µ = 1 GeV, and then get the moments
at µ = 1 GeV.
TABLE II: The second Gegenbauer moment api2 (1 GeV) under
the QCD sum rules and the lattice QCD, respectively. When
api2 is given with different scale other than 1 GeV, it shall be
evolved to 1 GeV by using the pion DA leading-order running
behavior [3].
api2 (1GeV) Reference
QCD SR 0.403 ± 0.093 this paper
0.56 [5]
0.26+0.21−0.09 [11]
0.28 ± 0.08 [12]
0.19 ± 0.06 [13]
LQCD 0.381 ± 0.234+0.114−0.062 [16]
0.364 ± 0.126 [17]
Using those moments (36,37,38), together with the
formulas (27,28,29), we can obtain the Gegenbauer mo-
ments api2 , a
pi
4 and a
pi
6 . For example, we obtain a
pi
2 |1 GeV =
0.403± 0.093 and api4 |1 GeV = 0.320± 0.083. We present
a comparison of api2 (1GeV) under the SVZ sum rules and
the lattice QCD in Tab.II. Phenomenologically, a LCSR
analysis on the pion electromagnetic form factor gives
api2 (1 GeV) = 0.24± 0.14± 0.08 [22] and 0.20± 0.03 [23].
A LCSR analysis on the pion transition form factor gives
api2 (1 GeV) = 0.24 ± 0.14 ± 0.08 [22], 0.19 ± 0.05 [18],
0.32 [19], 0.44 [20] and 0.27 [21]. A LCSR analysis on
the B → πlν gives api2 (1 GeV) = 0.267 ± 0.228 [1],
0.19±0.19±0.08 [24] and 0.17+0.15−0.17 [25]. It shows that our
present estimation of api2 agrees with most of the estima-
tions within errors derived in the literature. Especially,
9TABLE III: Typical pion DA parameters at µ = 1GeV.
api2 0.310 0.403 0.496
api4 0.237 0.320 0.403 0.237 0.320 0.403 0.237 0.320 0.403
Api 19.297 18.874 18.477 18.291 17.912 17.545 17.348 17.003 16.666
B2 0.211 0.195 0.176 0.290 0.271 0.251 0.371 0.351 0.329
B4 0.248 0.322 0.394 0.239 0.313 0.385 0.229 0.303 0.376
βpi(GeV) 0.708 0.725 0.741 0.730 0.746 0.762 0.750 0.766 0.783
our central value is close to the Lattice QCD estima-
tions [16, 17].
Following the idea of Ref.[1], by including the correla-
tion effect from the transverse distribution, we can con-
struct a pion DA model as
φpi(µ, x) =
√
3Apimqβpi
2π3/2fpi
√
x(1 − x)ϕpi(x)×
Erf
√ m2q + µ2
8β2pix(1 − x)
− Erf
√ m2q
8β2pix(1− x)

 , (39)
where the light constitute quark mq ≃ 0.30 GeV, the er-
ror function Erf(x) = 2√
pi
∫ x
0 e
−t2dt, and the longitudinal
part can be constructed as
ϕpi(x) =
[
1 +B2 × C3/22 (2x− 1) +B4 × C3/24 (2x− 1)
]
.
The parameters Api , βpi, B2 and B4 can be fixed by the
pion DA normalization, the constraint from π → γγ [55]
and the above determined Gegenbauer moments api2 and
api4 . Several typical values for those parameters are pre-
sented in Table III.
V. SUMMARY
The background field theory provides an unambiguous
physical picture for both the QCD physical vacuum and
the SVZ sum rules. Under this framework, the OPE of
the correlator can be calculated systematically. For the
first time, we provide the quark propagator and the ver-
tex up to dimension-six operators under the background
field theory. It is noted that those newly dimension-six
terms for the quark propagator are important for a sound
estimation of a physics process up to dimension-six con-
densates. Because the mass terms are kept explicitly in
the quark propagator, it is applicable for both the mass-
less and massive cases.
In the present paper, we have studied the pion leading-
twist DA within the QCD sum rules under the back-
ground field theory. The resultant sum rules for the DA
moments up to dimension-six condensates have been pre-
sented. It has been found that the dimension-six conden-
sates can provide sizable contributions to the DA mo-
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FIG. 7: Q2Fpiγ(Q
2) by varying the second and four Gegen-
bauer moments within their reasonable region, i.e. api2 |1 GeV =
0.403 ± 0.093 and api4 |1 GeV = 0.320 ± 0.083. The solid line
stands for the central values for Q2Fpiγ(Q
2) and the shaded
band stands for the theoretical uncertainties caused by the
Gegenbauer moments.
ments in comparison to contributions from the lower di-
mension condensates. Within errors, our estimation of
api2 |1 GeV = 0.403± 0.093 agrees with most of the estima-
tions derived in the literature. Its central value is larger
than those determined by previous QCD sum rules, which
is mainly caused by the contribution from the dimension-
six condensate g2s
∑
u,d,s
〈
gsψ¯ψ
〉2
.
As an application of the suggested pion DA model (39),
we redraw the pion-photon TFF Fpiγ(Q
2) in Fig.(7). All
the formulas for Fpiγ(Q
2) can be found in our previous
paper [1], only one need to change the pion DA used
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there to be our present model. Fig.(7) indicates that in
the large Q2 region, the pion-photon TFF Fpiγ(Q
2) lies
in between the Belle data and the BABAR data, which
is consistent with the recent kT factorization estimation
with the joint resummation [56].
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Appendix A: The full quark propagator in the
background field
Within the framework of the background field theory,
the full quark propagator with various gauge invariant
tensors that shall result in up to dimension-six operators
can be written as
SF (x, 0) = S
0
F (x, 0) + S
2
F (x, 0) + S
3
F (x, 0) +
2∑
i=1
S
4(i)
F (x, 0) +
3∑
i=1
S
5(i)
F (x, 0) +
5∑
i=1
S
6(i)
F (x, 0), (A1)
in which the propagators with various gauge invariant
tensors are
S0F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
− m+ 6p
m2 − p2
}
, (A2)
S2F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
− i
2
γµ(m− 6p)γν
(m2 − p2)2 Gµν
}
, (A3)
S3F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
−2
3
[
(γµpρ + γρpµ)(m− 6p)
(m2 − p2)3 −
gµρ
(m2 − p2)2
]
γνGµν;ρ
}
, (A4)
S
4(1)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{[
1
4
(
γµ(m− 6p)
(m2 − p2)3 − 2
pµ
(m2 − p2)3
)
γνγργσ
+
1
2
(
(m+ 6p)γµ
(m2 − p2)3 g
νσ + 4
γµ(m− 6p)
(m2 − p2)4 p
νpσ
)
γρ
]
GµνGρσ
}
, (A5)
S
4(2)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
i
4
[
g{µργσ}(m− 6p)
(m2 − p2)3 − 2
g{µρpσ}
(m2 − p2)3 + 4
γ{µpρpσ}(m− 6p)
(m2 − p2)4
]
γνGµν;ρσ
}
, (A6)
S
5(1)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
− i
3
[(
3
γµ(m− 6p)γν
(m2 − p2)4 (p
λγρ + pργλ)− γ
ν(gµλγρ + gµργλ)
(m2 − p2)3
)
γσ
+4
(
γµ(m− 6p)
(m2 − p2)4 g
{νσpλ} + 2
pµg{νσpλ}
(m2 − p2)4 + 6
γµ(m− 6p)
(m2 − p2)5 p
νpσpλ
)
γρ
]
GµνGρσ;λ
}
, (A7)
S
5(2)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
2i
3
[(
gµλ
(m2 − p2)3 +
6pµpλ
(m2 − p2)4
)
γνγργσ
−2
(
γµ(m− 6p)
(m2 − p2)4 g
{νσpλ} + 2
pµg{νσpλ}
(m2 − p2)4 + 6
γµ(m− 6p)
(m2 − p2)5 p
νpσpλ
)
γρ
]
Gµν;λGρσ
}
, (A8)
S
5(3)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
4
15
[
g{ρσpλγµ}(m− 6p)
(m2 − p2)4 − 2
g{ρσpλpµ}
(m2 − p2)4 + 6
γ{µpρpσpλ}(m− 6p)
(m2 − p2)5
− g
(µρσλ)
(m2 − p2)3
]
γνGµν;ρσλ
}
, (A9)
S
6(1)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
i
8
{[
γµ(m− 6p)
(m2 − p2)4 − 4
pµ
(m2 − p2)4
]
γνγργσγλγτ
+2
[
3
γµ(m− 6p)
(m2 − p2)4 g
στ + 16
γµ(m− 6p)
(m2 − p2)5 p
σpτ − 4g
µσpτ + gµτpσ
(m2 − p2)4
]
γνγργλ
}
GµνGρσGλτ , (A10)
11
S
6(2)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
(
−1
8
){[
3
γµ(m− 6p)γν
(m2 − p2)4 g
{λτγρ} + 16
γµ(m− 6p)γν
(m2 − p2)5 γ
{ρpλpτ}
−4 γ
ν
(m2 − p2)4 g
µ{λpτγρ}
]
γσ + 4
[
m+ 6p
(m2 − p2)4 g
(νστλ) + 6
m+ 6p
(m2 − p2)5 g
{νσpτpλ}
+48
m+ 6p
(m2 − p2)6 p
νpσpτpλ
]
γµγρ
}
GµνGρσ;λτ , (A11)
S
6(3)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
(
−2
9
){
3
([
2
γµ(m− 6p)
(m2 − p2)5 p
λpτ − g
{µλpτ}
(m2 − p2)4 −
4pµpλpτ
(m2 − p2)5
]
γνγρ
+(µ↔ λ) + (ρ↔ τ) + (µ↔ λ, ρ↔ τ)) γσ + 4
[
m+ 6p
(m2 − p2)4 g
(νλστ)
+6
m+ 6p
(m2 − p2)5 g
{νλpσpτ} + 48
m+ 6p
(m2 − p2)6 p
νpλpσpτ
]
γµγρ
}
Gµν;λGρσ;τ , (A12)
S
6(4)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
(
−1
2
){[
m+ 6p
(m2 − p2)4 g
(ντλσ) + 6
m+ 6p
(m2 − p2)5 g
{ντpλpσ}
+48
m+ 6p
(m2 − p2)6 p
νpτpλpσ
]
γµγρ − 3
[
g{µλpτ}
(m2 − p2)4 +
8pµpλpτ
(m2 − p2)5
]
γνγργσ
}
Gµν;λτGρσ, (A13)
S
6(5)
F (x, 0) = i
∫
d4p
(2π)4
e−ip·x
{
− i
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[
g[ρσλτγµ](m− 6p)
(m2 − p2)4 − 4
g[ρσλτpµ]
(m2 − p2)4 + 6
g{ρσpλpτγµ}(m− 6p)
(m2 − p2)5
−12g
{ρσpλpτpµ}
(m2 − p2)5 + 48
p{ρpσpλpτγµ}(m− 6p)
(m2 − p2)6
]
γνGµν;ρσλτ
}
, (A14)
where
g(µνρσ) = gµνgρσ + gµρgνσ + gµσgνρ,
g[µνρσpλ] = g(µνρσ)pλ + g(λνρσ)pµ + g(µλρσ)pν + g(µνλσ)pρ + g(µνρλ)pσ,
g{µνpρ} = gµνpρ + gµρpν + gνρpµ,
g{µνpρpσ} = gµνpρpσ + gµρpνpσ + gµσpνpρ + gνρpµpσ + gνσpµpρ + gρσpµpν ,
g{µνpρpσpλ} = gµνpρpσpλ + gµρpνpσpλ + gµσpρpνpλ + gµλpρpσpν + gνρpµpσpλ + gνσpρpµpλ
+gνλpρpσpµ + gρσpµpνpλ + gρλpµpσpν + gσλpρpµpν
g{µργσ} = gµργσ + gµσγρ + gρσγµ,
g[ρσλτγµ] = γµg(ρσλτ) + (µ↔ ρ) + (µ↔ σ) + (µ↔ λ) + (µ↔ τ),
g{ρσpλγµ} = γµg{ρσpλ} + (µ↔ ρ) + (µ↔ σ) + (µ↔ λ),
g{ρσpλpτγµ} = γµg{ρσpλpτ} + (µ↔ ρ) + (µ↔ σ) + (µ↔ λ) + (µ↔ τ),
γ{µpρpσ} = γµpρpσ + γρpµpσ + γσpµpρ,
γ{µpρpσpλ} = γµpρpσpλ + (µ↔ ρ) + (µ↔ σ) + (µ↔ λ),
γ{µpρpσpλpτ} = γµpρpσpλpτ + (µ↔ ρ) + (µ↔ σ) + (µ↔ λ) + (µ↔ τ),
gµ{λpτγρ} = gµλpτγρ + gµτpλγρ + gµρpτγλ + gµτpργλ + gµρpλγτ + gµλpργτ .
In those expressions, the mass terms are kept explicitly,
which are appropriate not only for the light-quark case
but also for the heavy-quark one.
Appendix B: Vacuum matrix elements in the
D-dimension space
The vacuum matrix elements in theD-dimension space
are〈
0
∣∣GAµνGBρσ∣∣ 0〉
12
=
〈
G2
〉
8D(D − 1)δ
AB (gµρgνσ − gµσgνρ) ,
TrC 〈0 |GµνGρσ| 0〉
=
2π
D(D − 1)
〈
αsG
2
〉
(gµρgνσ − gµσgνρ) ,〈
0
∣∣GAµν;λGBρσ;τ ∣∣ 0〉
= − 2
27D2(D − 1)
∑
u,d,s
〈
gsψ¯ψ
〉2
δAB
× [2gλτ (gµρgνσ − gµσgνρ) + gλρ(gτµgσν − gτνgσµ)
−gλσ(gτµgρν − gτνgρµ)] ,
TrC 〈0 |Gµν;λGρσ;τ | 0〉
= − 8
27D2(D − 1)g
2
s
∑
u,d,s
〈
gsψ¯ψ
〉2
× [2gλτ (gµρgνσ − gµσgνρ) + gλρ(gτµgσν − gτνgσµ)
−gλσ(gτµgρν − gτνgρµ)] ,〈
0
∣∣GAµνGBρσGCλτ ∣∣ 0〉
=
〈
fG3
〉
24D(D − 1)(D − 2)f
ABC
×{[gµρ(gνλgστ − gντgσλ)− gµσ(gνλgρτ − gντgρλ)]
− [gνρ(gµλgστ − gµτgσλ)− gνσ(gµλgρτ − gµτgρλ)]} ,
TrC 〈0 |GµνGρσGλτ | 0〉
=
i
4D(D − 1)(D − 2)
〈
g3sfG
3
〉
×{[gµρ(gνλgστ − gντgσλ)− gµσ(gνλgρτ − gντgρλ)]
− [gνρ(gµλgστ − gµτgσλ)− gνσ(gµλgρτ − gµτgρλ)]} ,〈
0
∣∣GAµνGBρσ;λτ ∣∣ 0〉
= δAB

a× ∑
u,d,s
〈
gsψ¯ψ
〉2 − b× 〈gsfG3〉

× [2gλτ (gµσgνρ − gµρgνσ) + gρτ (gµσgνλ − gµλgνσ)
−gστ (gµλgνρ − gµρgνλ)]
+
a× ∑
u,d,s
〈
gsψ¯ψ
〉2
+ b× 〈gsfG3〉

× [gµτ (gρνgσλ − gρλgνσ) + gντ (gρλgσµ − gρµgσλ)]} ,
TrC 〈0 |GµνGρσ;λτ | 0〉
= 4
a× g2s ∑
u,d,s
〈
gsψ¯ψ
〉2 − b× 〈g3sfG3〉

× [2gλτ (gµσgνρ − gµρgνσ) + gρτ (gµσgνλ − gµλgνσ)
−gστ (gµλgνρ − gµρgνλ)]
+4
a× g2s ∑
u,d,s
〈
gsψ¯ψ
〉2
+ b× 〈g3sfG3〉

× [gµτ (gρνgσλ − gρλgνσ) + gντ (gρλgσµ − gρµgσλ)] ,
where
a =
−2
9D2(D − 1)(D + 2) , b =
3
32D2(D − 1) ,
and the symbol TrC stands for tracing to the colour ma-
trixes. Obviously,〈
0
∣∣GBρσ;λτGAµν ∣∣ 0〉 = 〈0 ∣∣GAµνGBρσ;λτ ∣∣ 0〉 .
Our results agree with those of Refs.[57–59], except
for the matrix element
〈
0
∣∣∣GAµνGBρσ;λτ ∣∣∣ 0〉. The result for〈
0
∣∣∣GAµνGBρσ;λτ ∣∣∣ 0〉 given Ref.[59] is incorrect. It is noted
that the correct equation for D˜2GAµν is
D˜2GAµν =
3
4
gsf
ABC
[
GBµαG
C
να −GBναGCµα
]
+GAµα;αν −GAνα;αµ, (B1)
while in Ref.[59], the coefficient of the first term has been
taken as 1.
As a final remark, by making use of the equation[
D˜µ, D˜ν
]AB
= −gsfABCGCµν , (B2)
we can obtain a useful relation〈
g3sfG
3
〉
=
8
27
g2s
∑
u,d,s
〈
gsψ¯ψ
〉2
. (B3)
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